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Abstract. This work addresses the influence of the soot formation on the properties of the
droplet combustion. To gain insight of the problem, the soot formation model is based on
some simplifying assumptions: the pyrolysis reactionFuel → Soot is considered infinitely
fast. The soot formation is responsible for changing drastically the flame properties in droplet
combustion. This theoretical result is in concordance to the experimental results presented in
the literature. Besides the objective of soot modelling, the aim of this work is also to provide
a very fast numerical tool to be used in spray combustion codes to determine the properties
of an isolated droplet combustion. To achieve this goal, an extension of the Shvab-Zel’dovich
formulation, that uses an integro-differential description of the excess enthalpy and mixture
fraction, is presented.
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1. INTRODUCTION

It is well known that fuels with very small stoichiometric fuel-air ratios do not burn com-
pletely and soot is formed [Faeth (1977); Nayagan et al. (1998); Avedisian (2000); Avedisian
and Jackson (2000); Ueda et al. (2002); Xu et al. (2004); Manzello et al. (2004); Akerman et al.
(2005)]. Heavy fuels satisfy the burning condition of very small stoichiometric fuel-air ratios.
The classical theory of droplet combustion points out that heavy fuels burn completely and
generate flame far from the droplet, of order of the inverse of the stoichiometric fuel-air ratio.
However, experimentally this result is not observed. The reason for the discrepancy between
the theoretical and experimental results is the soot formation.

Soot does affect the droplet combustion not only by the quantity of unburned fuel, but also
by the soot thermal radiative energy loss and by the soot dynamic. In this analysis, these two
former processes are not included in the model. After the soot particle is formed in a region
high-temperature, fuel-rich region, close to the flame, the thermophoretic force pushes it in the
direction of the droplet surface. A soot shell is formed around the droplet where the drag force
is equal to the thermophoretic force. A detailed model describes the soot shell and is able to
predict well the flame standoff distance (Kumar et al., 2002). The results confirm the strong
influence on the droplet combustion properties.

However, due to high computational cost, detail model like that can not be used in spray
combustion numerical analysis in order to describe the processes in scales smaller than the grid
scale. A solution is to find simplified model with low computational cost but able to predict
reasonably those processes. With this focus, a model was developed with leakage of unburned
fuel by the flame representing soot formation (Fachini, 2005). The results revealed the dynamics
of the flame but the standoff distance increases instead of decreasing. Invalidating the model to
be used in description of the soot effect.



This work has the same objective of the previous one, but the model considers the soot
formation by a simplified reaction and no fuel leakage by the flame.

2. MATHEMATICAL FORMULATION

Formulation and solution of quasi-steady droplet combustion are presented elsewhere (Fa-
chini, 1999). Thus, because of the problem to be well known, only the parts of the formulation
essential for the understanding will be explicitly presented.

Considering the ambient conditions to be characterised by the temperatureT∞, density
ρ∞, oxygen mass fractionYO∞. Without loosing any important feature of the problem, the
constant pressure specific heat is supposed constant, but the transport coefficients (thermal con-
ductivity and diffusion coefficient, respectively) are dependent only on temperature according
to k/k∞ = Di/Di ∞ = (T/T )n = θn. The nondimensional quasi-steady conservation equa-
tions, describing the gas phase around the droplet with radiusa at timet (a0 at the timet = 0),
are expressed by
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The definition of the nondimensional independent variables are as following: the timeτ ≡
t/tc, wheretc is the vaporisation timetc ≡ ε(a2

0/α∞) and the radial coordinatex ≡ r/a0;
ε ≡ ρ∞/ρl is the ratio of the gas density to the liquid density andα∞ ≡ k∞/(ρ∞cp) is the
thermal diffusivity. The definition of the nondimensional dependent variables (temperature,
density, oxygen mass fraction, fuel mass fraction and velocity, respectively) are as following:
θ ≡ T/T∞, % ≡ ρ/ρ∞, yO ≡ YO/YO∞, yF ≡ YF andv ≡ V a0/α∞. The parameters appearing
in Eqs. (2) are defined as: Lewis numberLei ≡ α∞/Di ∞, S ≡ LeOs/LeF ands ≡ ν/YO∞
the quantity of air necessary to burn stoichiometrically a unit of mass of fuel [F + νO2 →
(1 + ν)P ], heat of combustionQ ≡ q/(LeF cpT∞) and heat necessary for a unit mass of soot
Qso ≡ qso/(LeF cpT∞) to be formed. In this work,S satisfies the conditionS � 1. Since
the fuel oxidation kinetic mechanism is supposed to be one-step and the reaction rate follows
Arrhenius type,
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whereWi is the molecular weight of speciesi and the nondimensional activation energy is
defined byθa ≡ E/RT∞;

The nondimensional vaporisation rate isλ = ṁ/(4πa0k∞/cp) and the nondimensional
droplet radius, a= a/a0. According tod2 law, the ratioλ/a, known as vaporisation constant
and defined asβ, depends on the heat flux to the droplet imposed by the flame and is a constant
value.

The soot formation mechanism is idealised by a infinite fast reaction, given by a first order
reaction,F → Soot, at the positionx = xso,

ω̇so ∼ λsoδ(x− xso) (4)



In this idealised model, the values ofλso andxso are known. The value ofλso must satisfy
the following condition:λso/λ = φ/S with φ = O(1).

The form of the soot chemical reaction, Eq. (4), imposes a discontinuity in the first deriva-
tive of the fuel mass fraction and temperature. The jump conditions at the soot formation zone,
x = xso, are[
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in whichφq ≡ (Qso/Q) andS̄ ≡ (1 + S)/S.
Equations (2) are integrated from the droplet surfacex = a to the ambient atmosphere

x → ∞, the flame is at a position between these two boundaries. To proceed the integration,
the boundaries conditions must be specified; atx = a≡ a/a0:
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and forx→∞:

θ − 1 = yO − 1 = yF = 0 (7)

The subscripts represents the droplet surface condition. The nondimensional latent heatl is
expressed byL/(cpT∞), q− is the heat to inside the droplet. The parameterγ is defined as
γ = L/RTb.

In this work, it is admitted uniform temperature profile inside the droplet and close to the
boiling value,θ = θs < θb. Thereby, the mass conservation equation for the liquid phase leads
to
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The closure for the system of equations is provided by the dimensionless equation of state
of the gas,%θ = 1.

The system of Eqs. (1) and (2) is characterised by the boundary conditions Eqs. (6) and
(7).

According to the type of the problem, at the flamex = xp, the properties are

θ − θp = yF − yFp = y0 − yOp = 0 (9)

Equation (9) expresses the droplet problem in a general form, either fuel and oxygen leak
by the flame. Under reactants leakage condition, the flow field analysis does not provide a
closed solution. The flame properties (position and temperature of the flame) and the droplet
properties (droplet temperature and vaporisation rate) are determined as function of the fuel
leakage quantity. For these conditions, the Shvab-Zeldovich formulation with the excess en-
thalpy H ≡ (1 + S)θ/Q + yF + yO and the mixture fractionZ ≡ SyF − yO + 1 (Fachini,
1999),
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is not able to solve the problem in a closed form. To determine the solution in a close form is
necessary to integrate the species conservation equations together with Eqs. (10) and (11).

The three characteristic parameters for the soot modelling,φ, φq andxso, define, respec-
tively, mass of soot, heat required and the position of the soot formation zone relatively to the
flame position. They will be changed in order to verify the extension of the model and the
influence on the soot formation in the droplet combustion properties. Naturally, three finger-
controlled parameters are an excessive number of parameters for a simple model. In fact, a
model with three finger-controlled parameters is able to describe even a ”elephant”.

The equations forH andZ satisfy the boundary conditions at the droplet surfacex = a,
which are determined from Eq. (3),

Hs ≡ H(a) = (1 + S) θs/Q + yFs, Zs ≡ Z(a) = SyFs + 1, (12)
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at the flamex = xp, the boundary conditions are given from Eq. (4),

H(xp) = (1 + S)θp/Q + yFp + yOp, Z(xp) = SyFp − yOp + 1, (14)

and from the ambient atmospherex→∞

H(∞) = (1 + S)/Q + 1, Z(∞) = 0, (15)

It is admitted that all soot particle, after being formed, is pushed to the droplet but does
not hit the surface. The soot particle finds a position where the drag force is equal to the ther-
mophoretic force. In this preliminary analysis, the soot shell and its effects are not included in
the model. Thus, the soot formation will act only on the reduction of the flame temperature and
of the flame position.

3. BURKE-SCHUMANN KINETIC

Burke-Schumann kinetic mechanism considers the reactions infinitely fast, thereby by the
flame there is no leakage of reactants. The following condition is satisfiedyF .yO = 0, or
yFp = yOp = 0 at the flame. Under this condition, the flame takes place where the fuel flux
meets the oxidant flux in stoichiometric proportion and the position is defined asx = xp = xf .



Thereby, by imposing no leakage condition, Eqs. (10) and (11) simplify to (Fachini, 1999;
Fachini et al., 1999),
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where
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From the definition of the functionsH andZ, the original variables are defined as follow-
ing:
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The jump condition for the first derivative ofH andZ functions represents the soot forma-
tion and it is determined integrating the Eqs. (16) and (17) aroundx = xso. This procedure
leads to the following expressions[
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By integrating Eqs. (16) and (17) from the droplet surface up to a positionx,
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The value ofFH andFZ are given by Eq. (13).
As seen in previous works, the functionH can be expressed as a function of the mixture

fractionZ as following
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From Eq. (17), the mixture fractionZ is a function of the position,Z = Z(x). From Eqs.
(12), (13) and (15), the behaviour ofZ can be studied. SinceZs > Z(∞) and ∂Z/∂x|a < 0,
thenZ decreases monotonically andx = x(Z) is found.



From Eq. (4),ω̇so ∼ (λ/S)δ(x−xso), the soot reaction terms in Eq. (21) can be represented
by the following expression
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Recalling, the values forφm, φq andZso are known. For convenience, instead ofφ, φm is used.
From Eq. (4),φm andφ are related according toφm = φx2

so.
Instead of working withφ, it was more convenient to use the combinationφm = φx2

so.
Note that, by increasingZso, the soot reaction zone takes place far from the flame, it means

a decrease inxso. Thus, for a fixed value ofφm, any increase in the soot formation makes the
soot reaction zone to be close to the droplet; it meansZso becomes larger.

The solution of Eq. (21) permits to determine the temperature at the droplet surfaceθs

(Z = Zs), the eigenvalue of the excess enthalpy equation and, as part of the solution, the flame
temperatureθf (Z = 1). After the integration of Eq. (21), the integration of Eq. (20) may
be performed because the boundary condition at the droplet surface is determined by Eq. (6);
Zs ≡ SyFs(θs) + 1. As seen from Eqs. (12), (13) and (15), there is an extra condition to be
imposed to the solution of Eq. (20). The extra condition leads to determining the eigenvalue
λ = λ(n, LeF , LeO, φq, φm, Zso). The flame positionx = xf is also found as part of the
solution of Eq. (20) imposingZ(xf ) = 1. Once knowingH = H(Z), the variablesθ = θ(Z),
yF = yF (Z) andyO = yO(Z) are found. Finally, after knowingZ = Z(x), thenH = H(x),
θ = θ(x), yF = yf (x) andyO = yO(x) are found.

4. RESULTS AND COMMENTS

The results for the droplet combustion problem considering soot formation correspond to
the n-heptane in an ambient temperature of300K. The properties for n-heptane are: heat of
combustionq = 4.4647× 106J/mol, latent heatL = 4.2619× 104J/mol, boiling temperature
Tb = 371K, ambient oxidant mass fractionYO∞ = 0.21, massic stoichiometric coefficient
ν = 3.52, fuel Lewis numberLeF = 1.88 and oxidant Lewis numberLeO = 1.07. In this
model the isobaric specific heatcp is considered constant, whose value is chosen80J/K.mol.
Besidescp, the model has three more parameters to control the soot formation: modified soot
formation rate, heat consumption and soot zone position represented byφm, φq andZso.

The solution of Eq. (21) is shown in Fig. 1a. As seen clearly, the soot formation makes the
excess enthalpy profileH decreases. Another results from this solution are the determination of
the droplet surface temperatureθs and the flame temperatureθf (Lima et al., 2006). The values
for θs andθf will be depicted ahead. It is worth to mention that these two temperatures are not
dependent directly on the transport coefficients, in other words the velocities of heat and mass
transports, but on their ratios represented by the Lewis numbers.

After determining the droplet surface temperatureθs, it is possible to find the fuel mass
fraction yFs at the droplet surface via Eq. (6), the Clayperon relation. Thus, knowingyFs,
the value for the mixture fractionZs at the droplet surface is specified, which is one of the
boundary conditions needed to the integration of Eq. (20). The integration of Eq. (20) provides
the dependence of the mixture fractionZ on the spatial coordinatex/a, Z = Z(x), as seen in
Fig. 1b. As occurred with the integration of Eq. (21), the integration of Eq. (20) provides the
value of the ratio of the vaporisation rateλ to the droplet radius a(τ), β = λ/a, the eigenvalue
of Eq. (20).

From H = H(Z) andZ = Z(x), the gas temperatureθ and the fuel and oxidant mass
fractionsyF andyO, respectively, are determined. The temperatureθ profile is exhibited in Fig.
1c and the fuel and oxidant mass fractionsyF andyO are shown in Fig. 1d. In these four plots,
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Figure 1: (a) The excess enthalpyH as function of the mixture fractionZ. (b) The mixture fraction
Z as a function of the spatial coordinatex/a. (c) The temperature profileT as a function of the spatial
coordinatex/a. (d) The fuel and oxidant mass fractionsyF andyO as a function of the spatial coordinate
x/a. These results were found forφq = 0, Zso = 3 and1 ≤ φm ≤ 27.

the influence of the soot on the droplet combustion can be seen. As conditions favour formation
of soot, the flame establishes closer to the droplet and the flame temperature reduces.

The soot model has three parameters,φm, φq and Zso. To show their influence on the
droplet combustion,φm is varied from 0 to 27 and meanwhile the other two parameters take
valuesZso = 1, 1.25, 2, 3 andφq = 0, 0.1, 0.2

4.1 Influence ofφm and Zso

In Fig. 2, the properties at the droplet surface are exhibited,Hs, Zs, Ts/Tb andyFs, as a
function of modified soot quantityφm and position of the soot zoneZso. For φm < 20, those
properties almost do not change. SinceHs andZs do not change significantly, the boundary
conditions for Eqs. (20) and (21) keep the same; recalling that the value forH∞ andZ∞ are
fixed. Under these conditions,Ts andβ = λ/a, the eigenvalues of Eqs. (20) and (21), do not
vary significantly.

Recalling, the classical model is able to predict the experimental results concerning to
the vaporisation rate, but it is not able to predict the temperature and position of the flame.



The discrepancy on the temperature and on the position is due to the infinity fast chemical
reaction hypothesis (complete fuel consumption). To avoid this rigid hypothesis, a model with
three degrees of freedom is showing to be able to reproduce experimental results for droplet
combustion.

(a) (b)

(c) (d)

Figure 2: (a) Droplet surface excess enthalpyHs as a function of theφm . (b) Droplet surface mixture
fractionZs as a function of theφm. (c) Droplet surface temperatureTs/Tb as a function of theφm. (d)
Droplet surface fuel mass fractionyFs as a function of theφm. These results were found for four values
of the soot zone positionZso = 1, 1.25, 2, 3; φq = 0.

For φm > 20, those properties start changing withφm and show to be sensitive to the
location of the soot zone. As farther the soot zone is from the flame, that occurs increasing
Zso, as larger the effect of the soot is. The caseZso = 3 reveals that the combustion can not be
sustained forφm close to 27.4 becauseφ ∼ S, almost all fuel vapour is converted to soot. The
consequence of this condition is: low flame temperature and low droplet surface temperature.
Since the latent heat is high, low droplet surface temperatureθs makes the fuel mass fraction
yFs at the droplet surface to go to zero, i.e. no vaporisation. Note that the model considered
conditions such thatφ = O(1), so that results forφ ∼ S is out of the model extension.

Figure 3 exposures the influence of the soot formation rate and the position of soot zone on
the flame properties, temperatureθf and positionxf . First of all, the position of the soot zone
Zso does not affect the flame properties. Also, the quantity of sootφm do reduce drastically the
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Figure 3: (a) Flame temperatureθf as a function ofφm. (b) Flame positionxf as a function ofφm.
These results were found for four values of the soot zone positionZso = 1, 1.25, 2, 3; φq = 0.

flame temperature and the flame position. Largeφm means large soot formation, less fuel in the
gas phase, small fuel flux to the flame and low flame temperature. An unexpected result was
the linear decrease of the flame positionxf with φm.

Although the model neglects some processes, results from Figs. 2 and 3 are pointing that
soot formation, even without considering the heat loss on the processφq = 0, can be an expla-
nation for the discrepancy between the experimental and classic theoretical results. Besides that
the model considering soot formation provides vaporisation constantβ that vary only slightly
for φq = 0, as seeing in in Fig. 4a. Note thatβ does not change with the location of the soot

(a) (b)

Figure 4: a) Vaporization constantβ as a function ofφm. b) Soot massφ as a function ofφm. These
results were found for four values of the soot zone positionZso = 1, 1.25, 2, 3; φq = 0.

zone.
In Fig. 4b, the quantity of sootφ (≡ φm/x2

so) is depicted. The combustion limit onφm =
27.4 for the conditionφq = 0 andZso = 3 represents the soot formation rate almost equal to
the vaporisation rateλso ∼ λ (φ ∼ S).

From the results depicted up to now, it is possible to say that, the inclusion of the soot
formation is able to change drastically on the flame properties but is able to keep vaporisation



constant with values close to the case without soot.

4.2 Influence ofφm and φq

(a) (b)

(c) (d)

Figure 5: (a) Droplet surface excess enthalpyHs as function ofφm. (b) Droplet surface mixture fraction
Zs as a function ofφm. (c) Droplet surface temperatureTs/Tb as a function ofφm. (d) Droplet surface
fuel mass fractionyFs as a function ofφq. These results were found forφq = 0, 0.1, 0.2 andZso = 3.

Results in Fig. 5 depict clearly limit for the droplet combustion. The quantity of soot is
such that imposes a strong reduction on the droplet surface temperature and consequently on
the droplet surface fuel mass fractionyFs. These conditions impose a very weak combustion
regime becauseφ ∼ S, out of the focus of this analysis. The extinction can not be observed
because the model assumes infinite fast reaction, however the weak combustion regime is an
indication of no sustainable burning conditions.

Plots 5a and 5b show the value of the excess enthalpyHs and mixture fractionZs at the
droplet surface. SinceHs andZs are the boundary conditions of Eqs. (20) and (21), reduction
in their values represent a decrease in the problem eigenvalues,θs (represented asTs/Tb) and
β = λ/a. The behaviour of the droplet surface temperatureTs/Tb and the droplet surface fuel
mass fractionyFs are seen in plots 5c and 5d, respectively.

The inclusion of the soot formation heatφq > 0 is responsible to strong reduction in the
flame temperatureθf , as seen in plot 6a. The results seen in plot 6b show a small deviation of



the linear decreasing behaviour of the flame positionxf with φm, thus the linear behaviour is
still a good approximation.

The strong reduction on droplet combustion properties has a direct reflection on the vapor-
isation rate represented by the vaporisation constantβ. Figure 7a shows an important reduction
on the vaporisation constantβ as a function of the soot formation heatφq.

The results pointed that the heat loss on the soot formation process is responsible to strong
variation of the vaporisation constantβ. Moreover, the limit explicitly presented in previous
figures represent the weak combustion regime whenφ� 1, as observed in Fig. 7b.

5. CONCLUSION

A simplified soot model is incorporated in the droplet combustion model. The soot is
supposed to be formed totally in a infinite thin zone, not distributed in a region with high tem-
perature. The results showed that the soot formation is a good explanation for the discrepancy
between classic theoretical results to experimental results. An unexpected result was the lin-
ear deacrese of the flame positionxf with the modified soot formation rateφm for the cases
φq = 0 and a good approximation forφq > 0. Heat loss is important for the determination of
the vaporisation constantβ.

This analysis can be used as a very low cost numerical tool to determine the droplet condi-
tion in combustion spray codes.

(a) (b)

Figure 6: (a) Flame temperatureθf as a function ofφq. (b) Flame positionxf as a function ofφm.
These results were found forφq = 0, 0.1, 0.2 andZso = 3
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Fachini, F. F., Lĩnán, A., Williams, F. A., 1999. Theory of flame histories in droplet combustion
at small stoichiometric fuel-air ratios. AIAA Journal 37, 1426–1435.

Faeth, G. M., 1977. Current status of droplet and liquid combustion. Prog. Energy Combust.
Sci. 3, 191–224.

Kumar, S., Ray, A., Kale, S. R., 2002. A soot model for transient, spherically symmetric n-
heptante droplet combustion. Combust. Sci. Techn. 174, 67–102.
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