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 Hypersonic waverider configurations have been proposed as promising airframes for 
high-speed vehicles because they have the highest known lift-drag (L/D) performance. A 
waverider concept, introduced by Nonweiler (1959), is a lifting body that is derived from a 
known analytical flowfield, such as a flow over a two-dimensional wedge or a flow over a 
slender cone. The potential for high L/D ratio on waveriders originates from the high-pressure 
region between the shock wave and the lower surface. Due to the sharp leading edge, the 
attached shock wave prevents the high-pressure gas from the lower surface to communicate 
with the gas on the upper surface. However, as any practical waverider will have some degree 
of leading edge bluntness for heat transfer, manufacturing and handling concerns, then the 
predicted performance of waverider configurations may not be achieved. Moreover, because 
of the viscous effects, the shock wave will be detached from the leading edge and, hence, the 
aerodynamic performance of the vehicle may be degraded from ideal performance. Typically, 
a round leading edge with constant radius of curvature near the stagnation point (circular 
cylinder) has been chosen. Nevertheless, shock detachment distance on a cylinder, with 
associated leakage, scales with the radius of curvature. 
 Certain classes of non-circular shapes, such as power-law shaped leading edges (\ ∝ [ � , 0 
< Q < 1), may provide the required bluntness for heat transfer, manufacturing and handling 
concerns with reduced departures from ideal aerodynamic performance. This concept is based 
on work of Mason and Lee (1994), who have pointed out, based on Newtonian flow analysis, 
that power-law shapes exhibit both blunt and sharp aerodynamic properties. They suggested 
the possibility of a difference between shapes that are geometrically sharp and shapes that 
behave aerodynamically as if they were sharp. 
 Based on recent interest in hypersonic waveriders for high-altitude/low-density 
applications (Anderson, 1990, Potter and Rockaway, 1994, Rault, 1994, Graves and Argrow, 
2001, Shvets et al., 2005), Santos and Lewis (2002a, 2002b, 2003, 2005a and 2005b) has 
investigated the effect of the power-law exponent on the flowfield structure over these leading 
edges. The power-law exponent effect on shock-wave structure was examined by Santos 
(2004a, 2004b and 2005). The major interest in these works has gone into considering the 
power-law body as possible candidate for blunting geometries of hypersonic leading edges. 
 In an effort to obtain further insight into the nature of the aerodynamic surface quantities 
of power-law leading edges under hypersonic transitional flow conditions, a parametric study 
is performed on these shapes with a great deal of emphasis placed on the rarefaction effects. 
In this scenario, the primary goal of this paper is to assess the sensitivity of the aerodynamic 
heating and total drag to variations not only on the rarefaction experienced by the leading 
edges but also on the shape of the leading edges via power-law exponent. 
 For the high altitude/high Knudsen number of interest (.Q > 0.1), the flowfield is 
sufficiently rarefied that continuum method becomes inappropriate. Alternatively, the DSMC 
method is used in the current study to calculate the rarefied hypersonic two-dimensional flow 
on the leading edge shapes. 
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 In dimensional form, the body power-law shapes are given by the following expression, 
 
 

�D[\ =  (1) 
 
where Q is the power-law exponent and D is the power-law constant which is a function of Q. 
 The power-law shapes are modeled by assuming a sharp leading edge of half angle θ with 



a circular cylinder of radius 5 inscribed tangent to this wedge. The power-law shapes, 
inscribed between the wedge and the cylinder, are also tangent to them at the same common 
point where they have the same slope angle. The circular cylinder diameter provides a 
reference for the amount of blunting desired on the leading edges. It was assumed a leading 
edge half angle of 10 degrees, a circular cylinder diameter of 10-2m and power-law exponents 
of 1/2, 2/3, and 3/4. Figure 1(a) illustrates schematically this construction for the set of power-
law leading edges investigated. 
 From geometric considerations, the power-law constant D is obtained by matching slope 
on the wedge, circular cylinder and power-law body at the tangency point. The common body 
height + at the tangency point is equal to 25FRVθ, and the body length / from the nose to the 
tangency point in the axis of symmetry is given by Q+��WDQθ� It was assumed that the power-
law leading edges are infinitely long but only the length / is considered since the wake region 
behind the power-law bodies is not of interest in this investigation. 
 

 
Figure 1: Drawing illustrating (a) the leading edge shapes and (b) the computational domain. 
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 The DSMC method (Bird, 1994) has proved to be an extremely useful and flexible tool in 
the analysis of rarefied hypersonic non-equilibrium gas flows. In this study, the particle 
simulations were performed by using the DSMC method developed by Bird (1994). The 
DSMC method simulates fluid flow by using thousands to millions of particles. These 
particles are tracked as they move, collide and undergo boundary interactions in simulated 
physical space. In addition, particle motions are assumed to be decoupled from particle 
collisions and each process is computed independently during a time step used to advance the 
simulation. This time step must be sufficiently small in comparison with the local mean 
collision time (Garcia and Wagner, 2000, and Hadjiconstantinou, 2000) such that the 
assumption of decoupled particle motions and collisions is not violated. 
 The reliability of the method is entirely dependent on the accuracy of the collision models 
used to simulate particles interactions. The molecular collisions are modeled using the 
variable hard sphere (VHS) molecular model (Bird, 1981) and the no time counter (NTC) 
collision sampling technique (Bird, 1989). The VHS model employs the simple hard sphere 
angular scattering law so that all directions are equally possible for post-collision velocity in 
the center-of-mass frame of reference. However, the collision cross section is a function of the 
relative energy in the collision. The energy exchange between kinetic and internal modes is 
controlled by the Borgnakke-Larsen statistical model (Borgnakke and Larsen, 1975). 
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Simulations are performed using a non-reacting gas model consisting of two chemical species, 
N2 and O2. Energy exchanges between the translational and internal modes are considered. 
For this study, the relaxation numbers of 5 and 50 were used for the rotation and vibration, 
respectively. 
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 The computational domain is made large enough so that the upstream and side boundaries 
can be specified as freestream conditions. Figure 1(b) depicts the physical extent of the 
computational domain for the present simulations. Advantage of the flow symmetry is taken 
into account, and molecular simulation is applied to one-half of a full configuration. The 
computational domain is divided into an arbitrary number of regions, which are subdivided 
into computational cells. The cells are further subdivided into four subcells, two subcells/cell 
in each coordinate direction. The linear dimensions of the cells should be small in comparison 
with the scale length of the macroscopic flow gradients normal to the streamwise directions, 
which means that the cell dimensions should be of the order of or even smaller than the local 
mean free path (Alexander et al., 1998 and 2000). In the current DSMC code, the cell 
provides a convenient reference for the sampling of the macroscopic gas properties, while the 
collision partners are selected from the same subcell. As a result, the flow resolution is much 
higher than the cell resolution. 
 Referring to Fig. 1(b), side 1 is defined by the body surface. Diffuse reflection with 
complete thermal surface accommodation is the condition applied to this side. Side 2 is a 
plane of symmetry, where all flow gradients normal to the plane are zero. At the molecular 
level, this plane is equivalent to a specular reflecting boundary. Side 3 is the freestream side 
through which simulated molecules enter and exit. Finally, the flow at the downstream 
outflow boundary, side 4, is predominantly supersonic and vacuum condition is specified 
(Guo and Liaw, 2001).  At this boundary, simulated molecules can only exit. 
 Numerical accuracy in DSMC method depends on the grid resolution chosen as well as 
on the number of particles per computational cell. Both effects were investigated to determine 
the number of cells and the number of particles required to achieve grid independence 
solutions. 
 The grid generation scheme used in this study follows that procedure presented by Bird 
(1994). Along the outer boundary (side 3) and the body surface (side 1) (see Fig. 1(b)), point 
distributions are generated in such way that the number of points on each side is the same (ξ-
direction in Fig. 1(b)). Then, the cell structure is defined by joining the corresponding points 
on each side by straight lines and then dividing each of these lines into segments which are 
joined to form the system of quadrilateral cells (η-direction in Fig. 1(b)). The distribution can 
be controlled by a number of different distribution functions that allow the concentration of 
points in regions where high flow gradients or small mean free paths are expected. 
 A grid independence study was made with three different structured meshes in each 
coordinate direction. The effect of altering the cell size in the ξ-direction was investigated 
with grids of 35(coarse), 70(standard) and 105(fine) cells, and 50 cells in the η-direction for 
power-law exponent of 1/2. In analogous fashion, an examination was made in the η-direction 
with grids of 25(coarse), 50(standard) and 75(fine) cells, and 70 cells in the ξ-direction for 
power-law exponent of 1/2. Each grid was made up of non-uniform cell spacing in both 
directions. The effect (not shown) of changing the cell size in both directions on the heat 
transfer, pressure and skin friction coefficients was rather insensitive to the range of cell 
spacing considered, indicating that the standard grid, 70x50 cells, for the power-law shape 
defined by Q = 1/2 is essentially grid independent. A similar procedure was performed for the 
two other cases investigated. Results indicated that a grid of 80x50 and 90x50 for power-law 



exponents of 2/3 and 3/4 respectively, were considered fully independent. Of particular 
interest is the number of cells in the η-direction for the three power-law cases investigated. It 
should be emphasized that, even though the number of cells is the same, the computational 
domain size is different for each one of the cases; side 2 shown in Fig. 1(b) corresponds to 
8λ∞, 6λ∞ and 5λ∞ for power-law exponents of 1/2, 2/3 and 3/4, respectively, where λ∞ is the 
freestream mean free path. 
 In a second stage of the grid independence investigation, a similar examination was made 
for the number of molecules. The standard grid for power-law exponent of 1/2, 70x50 cells, 
corresponds to, on average, a total of 121,000 molecules. Two new cases using the same grid , 
were investigated. These two new cases correspond to 108,000 and 161,000 molecules in the 
entire computational domain. As the three cases presented approximately the same results (see 
Santos and Lewis, 2005) for the heat transfer, pressure and skin friction coefficients, hence 
the standard grid with a total of 121,000 molecules is considered enough for the computation 
of the aerodynamic surface quantities. 
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 The freestream and flow conditions used in the present calculations are those given by 
Santos (2001) and summarized in Table 1. The gas properties considered in the simulation are 
those given by Bird (1994) and tabulated in Table 2. 
 Referring to Tables 1 and 2, 7∞, S∞, ρ∞, Q∞, µ∞, and λ∞ stand respectively for temperature, 
pressure, density, number density, viscosity and mean free path, and ;, P, G and ω�account 
respectively for mole fraction, molecular mass, molecular diameter and viscosity index. 
 

Table 1: Freestream Conditions 
 
$OWLWXGH�

(km) 
7∞ 
(K) 

S∞ 
(N/m2) 

ρ∞ x 105 

(kg/m3) 
Q∞ x 10-20 

(m-3) 
µ∞ x 105 

(Ns/m2) 
λ∞ x 103 

(m) 
9∞ 

(m/s) 
70 220.0 5.582 8.753 18.2090 1.455 0.903 3560 
80 181.0 1.040 1.999 4.1586 1.253 3.960 3236 
85 181.0 0.414 0.796 1.6550 1.253 9.940 3236 

 
Table 2: Gas Properties 

 
 ;� P (kg) G (m) ω�
O2 0.237 5.312 x 10-26 4.01 x 10-10 0.77 
N2 0.763 4.65 x 10-26 4.11 x 10-10 0.74 

 
 Rarefaction effects are investigated for altitude of 70, 80 and 85 km. For each one of the 
altitude investigated, the freestream Mach number 0∞ and the wall temperature 7�  are kept to 
the constant values of 12 and 880 K, respectively. Freestream Mach number 0∞ of 12 
corresponds to freestream velocity 9∞ of 3.56, 3.236 and 3.236 km/s for altitude of 70, 80 and 
85 km, respectively. 
 The overall Knudsen number .Q∞, defined as the ratio of the freestream mean free path 
λ∞ to the diameter of the circular cylinder, corresponds to 0.0903, 0.3960 and 0.9940 for 
altitude of 70, 80 and 85 km, respectively. Finally, the Reynolds number 5H∞ per unit of 
meter, based on conditions in the undisturbed stream is 21416.3, 5165 and 2055 for altitude of 
70, 80 and 85 km, respectively 
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 The degree of rarefaction is measured by the Knudsen number. This parameter may also 
be interpreted as defining the importance of the effect of molecular motions on the flowfield. 
When the Knudsen number is small, say less than 0.1, the effect of molecular motions on the 
flow is negligible and, in this regime the gas can be treated as a continuous medium. For large 
values of the Knudsen number, of the order of 10, the effect of molecular motions is 
important and the phenomena that occur can be completely described in terms of the motions 
of individual molecules, defining the free molecular regime. By virtue of the well-established 
laws of molecular motions, flows in the free molecular regime are readily investigated 
analytically. The regime of intermediate Knudsen numbers (0.1 < .Q < 10) which is difficult 
to treat analytically is simulated in this research by .Q∞ = 0.0903, 0.3960 and 0.9940, which 
correspond to the altitude of 70, 80 and 85 Km, respectively. Therefore, this section focuses 
on the effects that take place on the aerodynamic surface quantities due to changes on the 
altitude as well as on the leading-edge shape. Aerodynamic surface quantities of particular 
interest in the transitional flow regime are number flux, heat transfer, wall pressure, wall shear 
stress and drag. In this scenario, this section will discuss and compare differences of these 
quantities expressed in dimensionless coefficient form. 
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 The number flux 1 is calculated by sampling the molecules impinging on the surface by 
unit time and unit area. The dependence of the number flux on rarefaction is illustrated in 
Figs. 2(a-c) for power-law exponent Q of 1/2, 2/3 and 3/4, respectively, as a function of the arc 
length along the body surface. In this set of figures, the number flux 1 is normalized by Q∞9∞, 
where Q∞ is the freestream number density and 9∞ is the freestream velocity. Also, the arc 
length V along the body surface, measured from the stagnation point, is normalized by the 
radius 5 of the reference circular cylinder (see Fig. 1). For comparison purpose, the 
dimensionless number flux predicted by the free molecular flow (FM) equations (Bird, 1994) 
is also presented. 
 

 
Figure 2: Effect of rarefaction on dimensionless number flux (1/Q∞9∞) along the body surface 

for power-law exponent Q of (a) 1/2, (b) 2/3 and (c) 3/4. 
 
 According to Figs. 2(a-c), the DSMC results show the qualitative behavior expected in 
that the dimensionless number flux decreases with increasing rarefaction. Furthermore, the 
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DSMC calculations follow the same trend of those predicted by the free molecular flow 
equations. The variation of the dimensionless number flux caused by rarefaction seems to be 
more pronounced for blunt leading edges (Q → 1/2), and almost vanishes for aerodynamically 
sharp leading edges (Q → 3/4) for the flow conditions considered in these simulations. The 
dimensionless number flux predicted by the free molecular flow approaches a value of 1.0 at 
the stagnation point, as shown for the Q = 1/2 case. For the Q = 3/4 case, the dimensionless 
number flux, that also approaches a value of 1.0 at the stagnation point, drops off to a value 
around 0.9 into an extremely small length, i.e., 0 ≤ V�5 ≤ 0.0001. In this small region the body 
slope angle dramatically decreases from 90 degrees to 70 degrees. 
 
���� +HDW�WUDQVIHU�FRHIILFLHQW�
 
 The heat transfer coefficient &�  is defined as being, 
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where the heat flux T �  to the body surface is calculated by the net energy flux of the 
molecules impinging on the surface. A flux is regarded as positive if it is directed toward the 
surface. The heat flux T �  is related to the sum of the translational, rotational and vibrational 
energies of both incident and reflected molecules as defined by, 
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where 1 is the number of molecules colliding with the surface by unit time and unit area, P is 
the mass of the molecules, F is the velocity of the molecules, H�  and H �  stand for the rotational 
and vibrational energies, and subscripts L and U refer to incident and reflected molecules. 
 The heat flux was based upon the gas-surface interaction model of fully accommodated, 
completely diffuse re-emission. This is the most common model assumed, even though it is 
well known that some degree of specular re-emission and less than complete accommodation 
are more realistic assumptions. Moreover, it should also be mentioned in this context that the 
diffuse model assumes that molecules are reflected equally in all directions, quite 
independently of their incident speed and direction. Due to the diffuse reflection model, the 
reflected thermal velocity of the molecules impinging on the surface is obtained from a 
Maxwellian distribution that takes into account for the temperature of the body surface. In this 
fashion, as the wall temperature is the same for all the cases investigated, the number of 
molecules impinging on the surface plays the important role on the reflected contribution to 
the net heat flux to the body surface. 
 Distributions of net heat transfer coefficient &�  along the body surface are demonstrated 
in Figs. 3(a-c) for power-law exponent Q of 1/2, 2/3 and 3/4, respectively, with altitude as a 
parameter. In this set of figures, the net heat transfer coefficient data are bounded by the free 
molecular value. Referring to Figs. 3(a-c), it is clearly seen that altering the altitude produces 
a substantial change in the heat transfer coefficient provided that the gas-surface interaction is 
diffuse, as was assumed for the altitude range investigated. As would be expected, the blunter 
the leading edge is the lower the heat transfer coefficient at the stagnation point. Significant 
changes are observed for the leading edge cases shown. For the aerodynamically sharp 
leading edge case, Q = 3/4, the heat transfer coefficient approaches the free molecular value in 
the vicinity of the leading edges with increasing rarefaction. In addition, for the bluntest case 



investigated, Q = 1/2, the heat transfer coefficient follows the same trend of that predicted by 
free molecular flow. 
 

 
Figure 3: Effect of rarefaction on heat transfer coefficient & �  along the body surface for 

power-law exponent Q of (a) 1/2, (b) 2/3 and (c) 3/4. 
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 The pressure coefficient &�  is defined as being, 
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where S   is the pressure acting on the body surface and S∞ is the freestream pressure. 
 The pressure S   on the body surface is calculated by the sum of the normal momentum 
fluxes of both incident and reflected molecules at each time step as follows, 
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where Fη is the normal velocity component (η-direction in Fig. 1(b)) of the molecules. 
 The variation of the pressure coefficient &�  caused by rarefaction effects is shown in Figs. 
4(a-c) for power-law exponent Q of 1/2, 2/3 and 3/4, respectively. This set of diagrams also 
shows the pressure coefficient predicted by the free molecular flow. It is noticed that the 
pressure coefficient presents the expected behavior in that it increases in the vicinity of the 
stagnation point and tends to the pressure coefficient predicted by the free molecular flow 
assumption with increasing the altitude. Nevertheless, it is important to mention that this 
pressure coefficient rise is not attributed to a pressure rise on the body surface. Based on Eq. 
(5), the wall pressure decreases along the body surface, since the rarefaction causes a decrease 
in the number of molecules impinging on the body surface (see Figs. 2(a-c)). Therefore, the 
significant variations shown result from the freestream density used in the normalization of 
&� , appearing in Eq. (4), which decreases as the altitude increases from 70 to 85 km. 
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Figure 4: Effect of rarefaction on pressure coefficient &-  along the body surface for power-

law exponent Q of (a) 1/2, (b) 2/3 and (c) 3/4. 
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The skin friction coefficient &.  is defined as being, 
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where τ 1  is the shear stress acting on the body surface. 
 The shear stress τ 1  on the body surface is calculated by the sum of the tangential 
momentum fluxes of both incident and reflected molecules at each time step as follows, 
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where Fξ is the tangential component (ξ-direction in Fig. 1(b)) of the molecular velocity. 
 For the diffuse reflection model imposed for the gas-surface interaction, reflected 
molecules have a tangential moment equal to zero, since the molecules essentially lose, on 
average, their tangential velocity component. In this fashion, the second term on the right-
hand side of Eq. (7) disappears, and the wall shear stress τ 1  reduces to the following 
expression, 
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 The extent of the changes in the skin friction coefficient &.  with increasing altitude is 
presented in Figs. 5(a-c) for power-law exponent Q of 1/2, 2/3 and 3/4, respectively. It is 
found that, contrary to either pressure or heat transfer coefficient, the skin friction coefficient 
is very sensitive to rarefaction effects for the power-law shapes investigated, tending to the 
free molecular value with increasing the altitude. The skin friction coefficient is zero at the 
stagnation point and increases along the body surface up to a maximum value that depends on 
the leading-edge shape, and then decreases downstream along the body surface. For Q = 2/3 
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and 3/4 cases, the skin friction coefficient dramatically increases from zero to the values 
shown in a small region defined by 0 ≤ V�5 ≤ 0.0001. As the power-law exponent Q increases, 
the peak value for the skin friction coefficient increases. Also, as the power-law exponent Q 
increases, the peak value is displaced to near the stagnation point. 
 The skin friction coefficient predicted by the free molecular flow equations exhibits its 
maximum value at a station that corresponds to a body slope of 45 degrees. Similarly, the 
maximum values for the power-law exponents investigated occur very close to the same 
station. An understanding of this behavior can be gained as follows. Based on Figs. 2(a-c), the 
number of molecules by unit time and unit area impinging on the body surface is high on the 
stagnation region of the leading edge and low on the body surface far from the stagnation 
point. In contrast, the tangential velocity component of the molecules is basically zero at the 
stagnation region and high along the body surface far from the nose of the leading edges due 
to the flow expansion along the body surface, where the velocities of the molecules are those 
that are more characteristic of the freestream velocity. As a result, the product of both 
properties, which is proportional to the skin friction coefficient, presents the maximum value 
around a station corresponding to 45 degrees. Furthermore, attention should be paid to the fact 
that a body slope of 45 degrees corresponds to different dimensionless arc length V�5 for the 
leading edges investigated. 
 

 
Figure 5: Effect of rarefaction on skin friction coefficient &B  along the body surface for 

power-law exponent Q of (a) 1/2, (b) 2/3 and (c) 3/4. 
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The total drag coefficient & C  is defined as being, 
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where ) is the resultant force acting on the body surface, and + is the height at the matching 
point common to the leading edges (see Fig. 1(b)). 
 The drag on a surface in a gas flow results from the interchange of momentum between 
the surface and the molecules colliding with the surface. In this way, the total drag ) is 
obtained by the integration of the pressure S E  and shear stress τE  distributions from the 
stagnation point of the leading edges to the station / that corresponds to the tangent point 
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common to all the leading edges, as depicted in Fig. 1(a). It is worthwhile mentioning that the 
values for the total drag were obtained by assuming the shapes acting as leading edges. 
Therefore, no base pressure effects were taken into account on the calculations. 
 Distributions of pressure drag coefficient &SUT , skin friction drag coefficient &VWT  and total 
drag coefficient &T  are displayed in Fig. 6 as a function of the power law exponent, with 
altitude as a parameter. Based on the previous behavior for pressure and skin friction 
coefficients, the results for drag coefficient tend to confirm the expectation that the total drag 
coefficient increases with increasing rarefaction. It is found that the major contribution to the 
total drag coefficient rise is given by the skin friction drag component, which experiences a 
significant increase in value with increasing the altitude. 
 

 
Figure 6: Effect of rarefaction on pressure drag &SXT , skin friction drag &VWT  and total drag 

coefficient & T  along the power-law body for altitude of (a) 70, (b) 80 and (c) 85 km. 
 
 Particular attention is paid to the behavior of pressure and drag contributions displayed in 
Fig. 6. It is clearly noticed that for blunt leading edge (Q = 1/2), the pressure drag is larger 
than that for skin friction drag. In contrast, for sharp leading edge (Q = 3/4), the pressure drag 
is smaller than that for skin friction drag.�
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 This study applies the Direct Simulation Monte Carlo method to investigate the 
aerodynamic surface quantities for a family of power-law leading edges. The calculations 
have provided information concerning the nature of the number flux, heat transfer, wall 
pressure, wall shear stress and drag resulting from variations on the power-law exponent and 
on the altitude for the idealized situation of two-dimensional hypersonic rarefied flow. 
 The analysis showed that the aerodynamic surface quantities were affected by changes 
not only on the leading-edge shapes but also on the rarefaction. It was found that the heat 
transfer coefficient increased at the vicinity of the stagnation region with the altitude rise. 
Also, it was observed that the total drag enhanced by increasing the altitude. 
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